Abstract. Given a compact Riemannian manifold with boundary, we prove that the space of embedded, which may be improper, free boundary minimal hypersurfaces with uniform area and Morse index upper bound is compact in the sense of smoothly graphical convergence away from finitely many points. For a generic ambient metric, we prove that there are only finitely many such hypersurfaces. The key to proving the last statement is to show that the limit of a sequence of such hypersurfaces always inherits a non-trivial Jacobi field.
Introduction
Let (M n+1 , ∂M) be a compact Riemannian manifold with smooth boundary. A smooth embedded hypersurface Σ n ⊂ M n+1 is said to be a free boundary minimal hypersurface, if Σ has vanishing mean curvature and ∂Σ meets ∂M orthogonally. For simplicity, we use FBMH to denote free boundary minimal hypersurface. FBMHs arise variationally as critical points of the area functional among all hypersurfaces in M with boundary constrained freely on ∂M. The mathematical investigation of FBMHs dates back at least to Courant [17] and Lewy [32] , and there were intense study of this subject afterward, e.g. [27, 37, 43, 24, 28, 47, 23] . Many new progresses, especially on the existence theory of FBMHs, were made in recent years. Among them, Schoen-Fraser [21, 22] constructed many examples of free boundary minimal surfaces in the round three-ball and found a deep relation of them with the extremal eigenvalue problem. More examples of FBMHs in the round threeball were recently found by Folha-Pacard-Zolotareva [19] , Ketover [31] , Kapouleas-Li [29] and Kapouleas-Wiygul [30] . Maximo-Nunes-Smith [36] constructed an annuli type FBMH in certain convex three-manfolds using degree theory. Last but foremost, to produce FBMHs in an arbitrary compact manifold with boundary, Almgren [2, 3] in 1970s initiated a program on establishing a global variational theory for FBMHs via the min-max method. This program was finished by the last author with M.Li [34] recently; we also refer to [24, 28, 35, 18] for partial results where certain topological and boundary convexity assumptions were made. FBMHs produced by the min-max theory in [2, 3, 34] are usually called min-max FBMHs. One key novelty in [34] is that the min-max FBMHs are allowed to be improper, or equivalently, the interior of the min-max FBMH may touch the boundary of the ambient space. It is also conjectured in [3] that the Morse index of min-max FBMHs are bounded from above by the number of parameters in the min-max construction.
The purpose of this paper is to establish compactness and generic finiteness results for FBMHs satisfying uniform area and Morse index upper bounds. Applications of our results will include the proof of the Morse index upper bound conjectured by Almgren [3] ; see [26] . Given a FBMH Σ ⊂ M, the proper subset R(Σ) ⊂ Σ is the complement of the touching set S(Σ) = int(Σ) ∩ ∂M, i.e., R(Σ) = Σ \ (int(Σ) ∩ ∂M).
Our first main result is the following compactness theorem for FBMHs.
Theorem 1.1. Assume that 2 ≤ n ≤ 6. Let M n+1 be a compact Riemannian manifold with boundary ∂M. For fixed I ∈ N and C 0 > 0, suppose {Σ k } is a sequence of almost properly embedded FBMHs in M with Area(Σ k ) ≤ C 0 and (1.1) the Morse index of Σ k on the proper subset R(Σ k ) is bounded by I.
Then there exists a finite set of points W ⊂ M with #(W) ≤ I and an almost properly embedded FBMH Σ ∞ ⊂ M such that, after passing to a subsequence, Σ k converges smoothly and locally uniformly to Σ ∞ on Σ ∞ \ W with finite multiplicity. Furthermore, the Morse index of Σ ∞ on the proper subset R(Σ ∞ ) is bounded by I and Area(Σ ∞ ) ≤ C 0 .
Our second main result is the following generic finiteness theorem for FBMHs, which is proved by combining Theorem 1.1 and the construction of a non-trivial Jacobi field on a limit of a sequence of certain FBMHs (see Theorem 5.1).
Theorem 1.2. Let M
n+1 be a compact manifold with boundary and 2 ≤ n ≤ 6. Fix I ∈ N and C 0 > 0. Then for a generic metric on M, there are only finitely many almost properly embedded FBMHs in M satisfying Area(Σ) ≤ C 0 and (1.1). Remark 1.3. We remark that several sub-cases of our main results were already proved by Ambrozio-Carlotto-Sharp [5] where they considered all FBMHs that are proper, or equivalently S(Σ) = ∅ (see more discussions later). Compared with [5] , the key novelty of our results lies in the following two aspects:
(i) We prove a new curvature estimate for FBMHs which are only stable away from the touching set; (ii) For a sequence of FBMHs that converges in the above sense to a limit, if a sequence of their boundary components collapses to a point in the limit, we design a new scheme to construct a non-trivial Jacobi field on the limit hypersurface.
Now we provide a brief history of compactness results for minimal surfaces, and we start with closed minimal hypersurfaces in closed manifolds. Choi-Schoen [9] proved compactness for minimal surfaces with bounded topology in three-manifolds with positive Ricci curvature, and their result was later improved by Anderson [6] and White [44] under area and topology bound assumptions. Without assuming area upper bound, Colding-Minicozzi [11, 12, 13, 14, 16] developed a whole theory of lamination convergence for minimal surfaces with bounded topology in three-manifolds. In higher dimensions, Schoen-Simon-Yau [39] and Schoen-Simon [38] proved interior curvature estimates and compactness for stable minimal hypersurfaces with uniform area upper bound. Their results were recently generalized by Sharp [40] to minimal hypersurfaces with uniform Morse index and area upper bound. Without area upper bound assumption, the last author and H.Li [33] obtained lamination convergence for minimal surfaces with uniform Morse index bound in three-manifolds. We also refer to [4, 8, 7] for recent development along this direction.
Concerning FBMHs, Fraser-Li [20] obtained the first compactness result for FBMHs in three-manifolds with non-negative Ricci curvature and convex boundary, as a natural free boundary analog of Choi-Schoen's result [9] . In higher dimensions, the authors with M.Li [25] proved curvature estimates and compactness for globally stable FBMHs with uniform area upper bound, as natural analogs of Schoen-Simon-Yau [39] and Schoen-Simon's results [38] ; the results in [25] played an essential role in the free boundary min-max theory [34] . Very recently, Ambrozio-Carlotto-Sharp [5] proved compactness for FBMHs which are properly embedded and have uniform Morse index and area upper bounds. The novelty of [5] includes a boundary removable singularity result, a scheme to construct a Jacobi field when a sequence of FBMHs converges to a limit and none of the boundary components degenerate to a point, and a bumpy metric theorem generalizing those of White [45, 46] . Even though, there are essential new challenges ((i)), ((ii)) when the FBMHs are allowed to be improper. We overcome these difficulties by several new ideas, which we believe will be useful in other problems related to FBMHs. Now we present an overview of our paper, with emphasize on our new ideas. The first main ingredient is a new curvature estimate for FBMHs which are only stable away from the touching set. The curvature estimates in [25] require a FBMH to be globally stable, even across the touching set, whilst this new estimate only need the FBMH to be stable away from the touching set. To state the result, a few notions are made as follows. For any subset A ⊂ M, we use ∂ rel A to denote the relative boundary of A, that is, the set of boundary points of A which are in the interior of M. We can also assume that M is a compact domain of a closed Riemannian manifold M n+1 with the same dimension. The precise statement of the curvature estimate is the following, which may be of independent interest. Theorem 1.4. Let (M n+1 , g) be a compact Riemannian manifold with boundary ∂M and 2 ≤ n ≤ 6. Let U ⊂⊂ M be a relative open subset. Suppose Σ n ⊂ U is a smooth compact embedded minimal hypersurface in M with free boundary lying on ∂M ∩ U and Area(Σ) ≤ C 0 . If Σ is stable away from the touching set S(Σ) = int(Σ) ∩ ∂M, then
where C > 0 is a constant depending only on C 0 , U, and ∂M ∩ U.
The proof of Theorem 1.4 follows from a similar blow-up argument as in [25] , but the key observation is a new blow-up scenario inspired by [49] . In particular, by the blow-up argument, if the touching set is still present in the blow-up limit, then by the classical maximum principle for minimal hypersurfaces, the blow-up limit coincides with the tangent plane of the boundary, and hence is flat. This would be a contradiction to the blow-up assumption.
The second main ingredient is a new scheme to construct a non-trivial Jacobi field on a FBMH which is a limit of a sequence of non-identical FBMHs in the case that a sequence of boundary components of these FBMHs collapses to a point. An illustrative example is the sequence Σ i of blow-down of half of the Catenoid, given by
When i → ∞, it is straightforward to check that Σ i converges locally uniformly away from the origin to a limit Σ ∞ which is the x − y plane, and the boundary components ∂Σ i collapse to the origin. For any such converging scenario, this point belongs to the touching set of the limit Σ ∞ , and it is known by [41, 40, 5] that the height function between Σ i and Σ ∞ after normalization will converge to a Jacobi field away from the origin, but it was not known whether the Jacobi field can be extended across the origin (see [5, Remark 6] ). We design a new height estimate making use of the Morse index bound and prove a Harnack type bound for the normalized height function. To achieve this, the first observation is that if the boundary component ∂Σ i has radius of order r i , (then r i → 0), by the touching structure, we know that the height function has order −r i , which is much larger than r 2 i ; this will lead to the Harnack bound (see Section 5 for details).
The paper is organized as follows. We collect some notations and preliminary results in Section 2. Theorem 1.4 will be proved in Section 3. The compactness result, Theorem 1.1, will be proved in Section 4. Finally, we prove the generic finiteness result, Theorem 1.2, in Section 5 by presenting the construction of Jacobi fields.
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Preliminaries
In this section, we collect some basic definitions and preliminary results for free boundary minimal hypersurfaces.
Let M n+1 be a smooth compact Riemannian manifold with non-empty boundary ∂M. We may assume that M ֒→ R L is isometrically embedded in some Euclidean space. By choosing L large, we assume that M is a compact domain of a closed (n + 1)-dimensional manifold M . Let X(R L ) be the space of smooth vector fields in R L . We define the following notation
Definition 2.1. (Almost proper embeddings; [34] ). Let Σ n be a smooth n-dimensional manifold with boundary ∂Σ (possibly empty). A smooth embedding φ : Σ → M is said to be an almost proper embedding of Σ into M if φ(Σ) ⊂ M and φ(∂Σ) ⊂ ∂M. We write Σ = φ(Σ) and ∂Σ = φ(∂Σ).
We use S(Σ) to denote the touching set int(Σ) ∩ ∂M and R(Σ) = Σ \ S(Σ) to denote the proper subset of Σ. If the touching set S(Σ) is empty, then we say that Σ is properly embedded ; otherwise, we say that Σ is improper.
It is easy to see that if Σ ⊂ M is improper and p ∈ S(Σ), then Σ must touch ∂M tangentially at p.
Given an almost properly embedded hypersurface (Σ, ∂Σ) ⊂ (M, ∂M), we define
Let X be a compactly supported vector field in X(M, Σ). Suppose φ t is a one-parameter family of diffeomorphisms generated by the vector field X such that φ t (Σ) is a family of embedded hypersurfaces in M. Then the first variation formula gives that
where H is the mean curvature vector of Σ and η is the outward unit co-normal to ∂Σ. The first variation formula (2.1) implies that (Σ, ∂Σ) ⊂ (M, ∂M) is stationary (i.e., δΣ(X) = 0 for any compactly supported X ∈ X(M, Σ)) if and only if the mean curvature of Σ vanishes and Σ meets ∂M orthogonally along ∂Σ. Such hypersurfaces are called free boundary minimal hypersurfaces.
2.1.
Stability and the Morse index. Let Σ n ⊂ M n+1 be an almost properly embedded free boundary minimal hypersurface. The quadratic form of Σ associated to the second variation formula is defined as
where v is a section of the normal bundle of Σ, Ric M is the Ricci curvature of M, A Σ and h are the second fundamental forms of the hypersurfaces Σ and ∂M, respectively. Note that for any compactly supported vector field X in X(M, Σ), we have δ 2 Σ(X) = Q(X ⊥ , X ⊥ ), where X ⊥ denotes the projection of X onto the normal bundle of Σ. We now define the Morse index of Σ on the proper subset R(Σ). The Morse index of Σ on the proper subset is equal to the maximal dimension of a linear subspace of sections of normal bundle NΣ compactly supported in R(Σ) such that the quadratic form Q(v, v) is negative definite on this subspace. Definition 2.2. An almost properly embedded FBMH Σ n ⊂ M is said to be stable away from the touching set S(Σ) if the Morse index of Σ on the proper subset is 0.
Next we assume that Σ is two-sided, i.e., there exists a globally defined unit normal vector field n on Σ. Set
For any smooth function f ∈ C ∞ c (R(Σ)), there is a vector field X ∈ X(M, Σ) such that X = f n on Σ, which corresponds to variations vanishing near the touching set S(Σ).
It is easy to see that if Σ ⊂ M is stable away from the touching set, then
Here, we use L to denote the Jacobi operator of Σ, that is,
Remark 2.3. In order to emphasize the difference between the stability away from the touching set and the usual stability, we will say that an FBMH Σ is globally stable if (2.2)
When Σ is two-sided, the Morse index of Σ on the proper subset can also be defined as follows (see also [48, §2.4] ). Suppose that Ω is a relative open subset of R(Σ) with smooth boundary. We use with smooth boundary} .
We remark that when Σ is one-sided, we can still define the Morse index of Σ on the proper subset analogously using this exhaustion method by possibly considering the corresponding double covers.
Remark 2.5. For simplicity, we will use M to denote the set of almost properly embedded FBMHs in M. Given I ∈ N and C > 0, we set
The Morse index of Σ on the proper subset R(Σ) is bounded by I and Area(Σ) ≤ C .
We remark that in the proofs of our results, we often allow a constant C to change from line to line, and the dependence of C should be clear in the context.
In the following, we will recall some preliminary and known results for FBMHs which will be needed in our proofs.
2.2.
Existence of local minimal foliations. Let M n+1 be a closed manifold, and Σ an embedded minimal hypersurface in M (without boundary). Given p ∈ Σ, one can construct a local minimal foliation around p by White [44, Appendix] . In particular, denote B 
Moreover, these minimal graphs satisfy uniform Harnack inequalities: there exists some uniform constant C > 1, such that for t > 0.
The same also holds true for t < 0 by simply flipping the sign.
We also recall the existence of local free boundary minimal foliations around a boundary point which is due to Ambrozio-Carlotto-Sharp [5, Proposition 26] . Let M n+1 be a compact manifold with boundary, and Σ n an embedded FBMH in M. Given a point p ∈ ∂Σ, there exists a constant δ > 0 such that the half geodesic ball B δ (p) in M can be foliated by free boundary minimal leaves S t with t ∈ [−1/2, 1/2] and S 0 = Σ ∩ B δ (p). Moreover, each slice satisfies a Harnack type estimate (see [5, Remark 25] ).
2.3.
Convergence and Jacobi fields. Let Σ k be a sequence of embedded FBMHs in M converging to an embedded two-sided FBMH Σ locally smoothly on Σ \ W with multiplicity m, where W ⊂ Σ is a finite set of points. We now recall the construction of a non-trivial Jacobi field on Σ (see [5, Theorem 5] ). Let n be a global unit normal of Σ and X ∈ X(M, Σ) be an extension of n. Suppose that φ t is a one-parameter family of diffeomorphisms generated by X. For any domain U ⊂ Σ and small δ > 0, φ t produces a neighborhood U δ of U with thickness δ, i.e., U δ = {φ t (x) | x ∈ U, |t| ≤ δ}. If U is in the interior of Σ, then U δ is the same as U × [−δ, δ] in the geodesic normal coordinates of Σ for δ small. Now fix a domain Ω ⊂⊂ Σ \ W, by the convergence Σ k → Σ, we know that for k sufficiently large, Σ k ∩ Ω δ can be decomposed as m graphs over Ω which can be ordered by height
We consider two different cases m = 1 and m ≥ 2.
(1) If m = 1, we set
, where p 0 ∈ Ω \ ∂Σ is any fixed point. In both cases, by the computation in [5, (6.1)], w k almost satisfies the Jacobi equation (see also [40, Claim 5] and [41] ). Moreover, it can be proved that w k is uniformly bounded in C l norm for all l on any compact subset of Ω (see [5, Claim 1] ). Thus, up to a subsequence, w k converges smoothly to a Jacobi field (see (2.3)) on Ω. By taking Ω i exhausting Σ \ W, we obtain a Jacobi field w on Σ \ W. For case (1), a priori, w might be zero. For case (2) , since w k (p 0 ) = 1, the maximum principle gives that w > 0. The next step is to show that w smoothly extends across W and the following cases were already obtained.
• If p ∈ W is in the interior of Σ and there is a small neighborhood B r (p) of p such that B r (p) ∩ ∂Σ k = ∅ for all k sufficiently large, then the existence of local minimal foliations will imply that w smoothly extends across p (see, e.g., [40, Claim 6] and [10] ).
• If p ∈ W and p ∈ ∂Σ, then the existence of local free boundary minimal foliations will give that w smoothly extends across p (see [5, Claim 2] ). The only case left is that if p ∈ W such that p ∈ ∂M, p is not in the closure of ∂Σ, and there is a small neighborhood B r (p) of p such that B r (p) ∩ ∂Σ k = ∅ for all k large enough. We will deal with this case in our proof (see Section 5).
2.4.
Removable singularity results. We state the following removable singularity results which will be used in our proofs. Theorem 2.6. ( [38] ) Let M n+1 be a smooth complete manifold. Assume that 2 ≤ n ≤ 6 and p ∈ M. Suppose that Σ n ⊂ M \ {p} is a smooth embedded minimal hypersurface with Area(Σ) ≤ C for some constant C > 0. If Σ is stable in a punctured geodesic ball B δ (p) \ {p} and B δ (p) ∩ (Σ \ Σ) = {p}, then Σ has removable singularity at p.
n+1 be a smooth compact manifold with boundary ∂M. Assume that 2 ≤ n ≤ 6 and p ∈ ∂M. Suppose that Σ ⊂ M \ {p} is a smooth embedded FBMH in M with Area(Σ) ≤ C for some constant C. If Σ is stable in a punctured small neighborhood of p and p is in the closure of ∂Σ, then Σ ∪ {p} is a smooth embedded FBMH.
2.5. Bumpy metrics theorem. The following bumpy metric theorem is a slightly different variant of Theorem 9 in [5] , and the proof follows along the same lines as in [5, Theorem 9] .
n+1 be a smooth closed manifold and N n be a smooth embedded closed hypersurface in M. Suppose that k is an integer ≥ 3 or that k = ∞. Then a generic C k Riemannian metric on M is bumpy in the following sense: if Σ n is an embedded FBMH in M with free boundary lying on N, then Σ or its finite-sheeted covering has no non-trivial Jacobi fields. 
then Σ must be stable away from the touching set in U i for some 1 ≤ i ≤ N + 1.
Lemma 2.11. Let M n+1 be a compact Riemannian manifold with boundary ∂M. For fixed I ∈ N, suppose Σ ∈ M is a smooth FBMH in M such that the Morse index of Σ on the proper subset R(Σ) is bounded by I. Then for any r small enough, there exist at most I disjoint balls {B r (p i )} I i=1 of M such that Σ is stable away from the touching set on any ball
3. Curvature estimates
In this section, we will prove the curvature estimates Theorem 1.4. First, let us recall the curvature estimate in [25] for FBMHs which are globally stable (across the touching set). 
Compared with Theorem 3.1, the key novelty of Theorem 1.4 is that the uniform curvature estimates hold even along the touching set, while we only assume the stability away from it.
In order to prove Theorem 1.4, we use a similar blow-up strategy as in the proof of Theorem 3.1. Let M n+1 be a compact manifold with boundary ∂M. We assume that M is isometrically embedded in some Euclidean space R L . Moreover, by choosing L large, we may assume that M is a compact subset of a closed (n + 1)-dimensional manifold M . We use B ρ (x) to denote the geodesic ball of M centered at x with radius ρ. We use dist(·, ·) to denote the distance function in M . Note that the intrinsic distance on M and the extrinsic distance on R L are equivalent near any given point, we may assume that the monotonicity formula for FBMHs ([25, Theorem 3.4]) holds for geodesic balls with radius less than some R 0 > 0. Theorem 1.4 will follow directly from the next result.
, and R 0 be given as above. Let p ∈ ∂M and 0 < R < R 0 . Suppose Σ n ⊂ B R (p) is a smooth embedded minimal hypersurface in M with free boundary lying on ∂M ∩ B R (p) and Area(Σ) ≤ C 0 . If Σ is stable away from the touching set S(Σ), then
where C is a constant depending on C 0 , M and ∂M.
Proof of Theorem 3.2. We need to prove uniform curvature estimate across the touching set S(Σ). The proof uses a similar strategy as in the proof of Theorem 3.1. We will also argue by contradiction.
Step 1: The blow-up process. Suppose the conclusion is false. Then there exists a sequence of smooth, almost properly embedded, minimal hypersurfaces Σ i ⊂ B R (p) ∩ M with free boundary lying on ∂M ∩ B R (p) and Area(Σ i ) ≤ C 0 . Moreover, Σ i is stable away from the touching set S(Σ i ). But as i → ∞, we have
By Theorem 3.1, we know that S(Σ i ) ∩ B R (p) = ∅. We pick up a sequence of points
where A i denotes the second fundamental form of Σ i . Since M is compact, there is a subsequence of x i (still denoted by x i ) and a point x ∈ M so that x i → x.
We claim that x ∈ ∂M. If this is not true, then there exists ρ > 0 such that B 3ρ (x)∩∂M = ∅ and x i ∈ B ρ (x) for i sufficiently large. Note that Σ i ∩ B ρ (x i ) does not intersect ∂M. Hence, Σ i ∩ B ρ (x i ) is a properly embedded stable minimal hypersurface (with no boundary) in B ρ (x i ). Moreover, by the classical monotonicity formula and the monotonicity formula for FBMHs, Area(Σ i ∩ B ρ (x i )) is uniformly bounded from above by Cρ n for some constant C (depending only on M and the area bound C 0 ). Then by the Schoen-Simon-Yau interior curvature estimate [39] (or Schoen-Simon's curvature estimates [38] when n = 6), we have
where C 1 is a uniform constant. This contradicts the assumption that |A i |(x i ) → ∞. Hence, we conclude that x ∈ ∂M. By similar argument, it follows from the curvature estimates (Theorem 3.1) that lim inf i→∞ dist(x i , S(Σ i )) = 0. Set
Then we have r i → 0, and r i |A i |(x i ) → ∞, as i → ∞. Now, we choose y i ∈ Σ i ∩ B(x i , r i ) so that it achieves the maximum of (3.1) sup
Set λ i := |A i |(y i ) and
Since s i ≤ r i , we have s i → 0 as i → ∞. Using (3.1), we get
Hence, we have λ i s i → ∞ as i → ∞. Moreover, the point y i ∈ Σ i ∩ B(x i , r i ) also achieves the maximum of (3.2) sup 
i r. Combining this with (3.2), we obtain that
for i sufficiently large (depending on the fixed r > 0). Note that the right hand side of (3.4) approaches 1 as i → ∞.
Step 2: The contradiction argument. Since M is smooth and y i → x ∈ ∂M as i → ∞, we have that B ′ (0, λ i s i ) converges to T x M smoothly and locally uniformly in R L . Using the interior curvature estimate for stable minimal hypersurfaces, we have
After passing to a subsequence, ∂M ′ i converges smoothly and locally uniformly to some n-dimensional affine subspace P ⊂ T x M ⊂ R L . Using the monotonicity formula for FBMHs (see [25] ), we also have that the blow-ups Σ ∞ is either identical to P , or is disjoint with P . However, the first situation cannot happen due to (3.5), so Σ ∞ is properly embedded and, thus, is two-sided. The classical Bernstein theorem (see [39] and [38] ) implies that Σ 1 ∞ or Σ 2 ∞ must be a hyperplane in T x M , which contradicts (3.5). This completes the proof. Remark 3.3. Compared with the proof of Theorem 3.1, the key observation in the proof of Theorem 3.2 is that the blow-up limit cannot have touching by the maximum principle.
Compactness
This section is devoted to proving our main compactness result (Theorem 1.1). The key part is to prove some removable singularity results. For convenience, we restate Theorem 1.1 as follows.
Theorem 4.1. Assume that 2 ≤ n ≤ 6. Let M n+1 be a compact Riemannian manifold with boundary ∂M. For fixed I ∈ N and C 0 > 0, suppose that {Σ k } is a sequence of FBMHs in M(I, C 0 ). Then there exists a finite set of points W ⊂ M with #(W) ≤ I and an FBMH Σ ∞ ∈ M(I, C 0 ) such that, up to a subsequence, Σ k converges smoothly and locally uniformly to Σ ∞ on Σ ∞ \ W with finite multiplicity.
Proof. Let {Σ k } ∞ k=1 be a sequence in M(I, C 0 ). By compactness of Radon measures, a subsequence, still denoted as {Σ k } converges as varifolds to a limit n-varifold V which is free stationary ([34, Definition 2.1]). We are going to prove that V is an integer multiple of some almost properly embedded FBMH.
By Lemma 2.11, for each Σ k , there exist at most I disjoint balls {B r (p i,k )} I i=1 in M such that Σ k is stable away from the touching set on any ball B r (x) in M \ ∪ 
for k sufficiently large.
Since we have uniform area bound and uniform curvature estimate, a standard compactness argument (see [25, Theorem 6 .1]) implies that passing to a further subsequence, {Σ k } converges to an almost properly embedded FBMH in M \ ∪ Next, we will show that Σ ∪ W is an almost properly embedded FBMH in M. In other words, we will show that each point p ∈ W is a removable singularity of Σ, or equivalently Σ ∪ {p} is a regular embedded hypersurface in a neighborhood of p in M .
Given any point p i,∞ ∈ W, by an analogous argument in [40, Claim 2] there exists some ǫ i > 0 such that Σ is stable away from the touching set in
Let p be a point in W. We need to consider three cases.
Case 1: Suppose p is in the closure of Σ and p / ∈ ∂M. Since there exists some ǫ > 0 such that Σ is stable away from the touching set in B ǫ (p)\{p}. We can choose ǫ small so that B ǫ (p) is disjoint with the boundary ∂M. Hence, Σ is globally stable in B ǫ (p) \ {p}. It follows directly from the regularity theory of Schoen-Simon [38] that p is a removable singularity of Σ (see Theorem 2.6).
Case 2: Suppose p ∈ ∂M and p is in the closure of ∂Σ (i.e., p ∈ ∂M, (∂Σ\{p})∩B ρ (p) = ∅ for all ρ > 0).
Using the boundary removable singularity result, Theorem 2.7, we see that p is also a removable singularity.
Case 3: Suppose p ∈ ∂M and p is not in the closure of ∂Σ (i.e., p ∈ ∂M, (∂Σ \ {p}) ∩ B ρ 0 (p) = ∅ for some ρ 0 > 0).
If there exists some ǫ > 0 such that Σ does not touch the boundary ∂M in B ǫ (p) \ {p}, then Σ is globally stable in B ǫ (p) \ {p}, and again the regularity theory of Schoen-Simon [38] implies that p is a removable singularity.
If we cannot find such ǫ, then in any small punctured neighborhood of p, Σ touches the boundary ∂M. Then we consider a blow-up sequence λ
, where λ i > 0 is any sequence converging to 0. Using the curvature estimates of Theorem 1.4 (Σ is stable away from the touching set in some punctured neighborhood of p) and the area bound, we obtain that a subsequence of λ −1 i (Σ − p) converges smoothly and locally uniformly to a minimal hypersurface Σ (with possibly integer multiplicity) in T p M \ {0} = R n+1 \ {0}. Using the classical monotonicity formula, we observe that Σ must be a cone. Under the rescaling, the subsequence of λ
Since Σ touches the boundary ∂M in any punctured small neighborhood of p, we see that Σ also touches the plane T p (∂M). Note that T p (∂M) is also a minimal hypersurface, the classical maximum principle ([15, Corollary 1.28]) implies that Σ must contains T p (∂M), i.e., T p (∂M) ⊂ Σ. Now we argue that Σ must be identical to T p (∂M). If this were not true, there exists another connected components Σ 1 ⊂ Σ which is disjoint with T p (∂M); moreover Σ 1 is also a cone and 0 ∈ Clos( Σ 1 ). By the locally smooth convergence λ −1 i (Σ − p) → Σ, we know that Σ 1 must be globally stable, and hence is a plane by Simons' classification ( [42] ). Therefore, by the classical maximum principle again Σ 1 = T p (∂M), which is a contradiction, and hence Σ = T p (∂M). Now we argue that the convergence λ
must have multiplicity one, and hence by Allard regularity theorem [1] , p is a removable singularity of Σ. If the convergence λ
has multiplicity greater than one, then by the locally graphical convergence λ
, near p, Σ can be decomposed into m-graphs over T p (∂M) (m ∈ N), and if denoting the inward unit normal as the x n+1 -direction, the graphical functions are ordered by height:
Note that by the maximum principle, only the lowest graph, i.e., Graph u 1 , can be improper, and all other graphs {Graph u i : 2 ≤ i ≤ m} must be proper, and hence are regular across p by previous argument. Therefore, the only possibilities are m = 1, 2. Then we can focus on Graph u 1 and use the above argument to show that it has a unique tangent cone T p (∂M) with multiplicity one, and hence Graph u 1 must also extend smoothly across p. Therefore, m = 1 by the maximum principle, and we are done.
This finishes the proof that Σ ∪ W is an almost properly embedded FBMH in M. We use Σ ∞ to denote Σ ∪ W.
Since Σ k converges smoothly to Σ ∞ on Σ ∞ \ W, a standard argument will give that the Morse index of Σ ∞ on the proper subset R(Σ ∞ ) is bounded by I (see [40, Claim 3] and [4] ). For completeness, we also include a proof here.
We proceed by contradiction. Suppose that the Morse index of Σ ∞ on the proper subset R(Σ ∞ ) is greater than I. Then there exist (I + 1) L 2 -orthogonal normal vector fields X 1 , . . . , X I+1 supported in R(Σ ∞ ) such that the quadratic form of Σ ∞ is negative, i.e.,
We may modify the vector field X i such that X i vanishes in a sufficiently small neighborhood of every point in W and Q(X i , X i ) is still negative. In addition, these vector fields can be extended to be defined in a small tubular neighborhood of R(Σ ∞ ) (still denoted by X i ). Since Σ k converges smoothly to Σ ∞ on Σ ∞ \ W, we have
for k sufficiently large and all i. Let X 
Let Y k i be the projection of X i onto the tangent bundle of Σ k . The smooth convergence of Σ k to Σ ∞ away from the set W implies that for every i
This yields that for 1 ≤ i, j ≤ I + 1,
Combining this with the equation (4.2), we have
which is a contradiction. This completes the proof.
Existence of Jacobi fields
In this section, we will prove the generic finiteness result (Theorem 1.2) by constructing Jacobi fields along the limit of a sequence of FBMH's. Theorem 1.2 will follow directly from the bumpy metric theorem (Theorem 2.8) and the following theorem which gives the existence of Jacobi fields.
Theorem 5.1. Assume that 2 ≤ n ≤ 6. Let M n+1 be a compact Riemannian manifold with boundary ∂M. For fixed I ∈ N and C 0 > 0, suppose that {Σ k } is a sequence in M(I, C 0 ). Then there exists a finite set of points W ⊂ M with #(W) ≤ I and Σ ∈ M(I, C 0 ) such that, up to a subsequence, Σ k converges smoothly and locally uniformly to Σ on Σ \ W with multiplicity m ∈ N. Assume that Σ k = Σ eventually. Then (1) If Σ is two-sided, then Σ has a non-trivial Jacobi field. (2) If Σ is one-sided, then Σ has a non-trivial Jacobi field, where Σ is the double cover of Σ.
Proof of Theorem 5.1. The existence of W and Σ follows directly from the compactness result, i.e., Theorem 4.1. We assume that Σ k = Σ eventually, and proceed to study the stability and nullity of Σ. If Σ is one-sided, we then consider the orientable double cover π : Σ → Σ. Let NΣ be the normal bundle of Σ. Then the zero section of the pull-back normal bundle π * (NΣ) is isometric to Σ, and a small tubular neighborhood of the zero section of π * (NΣ) forms a double cover of a tubular neighborhood of Σ. We can then construct a non-trivial Jacobi field over Σ and the construction is similar to the case when Σ is two-sided.
Hence, in the following, we will assume that Σ is two-sided. If the multiplicity m = 1, then W could be non-empty, and we will construct a non-trivial Jacobi field over Σ, which will imply that null(Σ) ≥ 1. If the multiplicity m ≥ 2, then W = ∅ and we will construct a positive Jacobi field over Σ, which implies that Σ is stable and null(Σ) = 1.
Next, we will construct a non-trivial Jacobi field over Σ where the multiplicity of convergence is either m = 1 or m ≥ 2.
We first collect a few notions to be used below.
(1) Given p ∈ W, recall the three possibilities Case 1-3 in the proof of Theorem 4.1. We denote W 0 to be the subset of W consisting of points which are in a sub-case of Case 3. More precisely, Geometrically, W 0 is the set of points where a sequence of boundary components of {Σ k } collapses (see Figure 1) . We know that W 0 lies in the touching set S(Σ), and we can assume W 0 = ∅. (2) When W 0 = ∅ (hence S(Σ) = ∅), we choose a unit normal vector n of Σ such that n points inward (to M) along the touching set S(Σ).
The multiplicity m = 1. Note that if p ∈ W \ W 0 , then in a neighborhood of p, Σ k converges to Σ (away from p) with multiplicity one either as minimal hypersurfaces with no boundary, or as minimal hypersurfaces with non-empty boundary. By the Allard regularity theorem [1] (see also [5, Theorem 17] ), Σ k converges to Σ in the whole neighborhood of p. Therefore, Σ k converges to Σ smoothly and locally uniformly with multiplicity one away from W 0 . Finally, note that when p ∈ W 0 , Σ k has a boundary component (for k sufficiently large), denoted as ∂ p Σ k , that collapses to p in the Hausdorff distance. We will focus on this case in this part.
Fix Ω ⊂⊂ Σ \ W 0 . By Section 2.3, for δ > 0 small and k sufficiently large, Σ k ∩ Ω δ (we refer the readers to Section 2.3 for the notion Ω δ ) can be written as a graph u k over Ω. Then we set u k = u k / u k L 2 (Ω) , and we have u k L 2 (Ω) = 1. A subsequence of u k will converge smoothly to a Jacobi field equation (see (2. 3)) on Ω. Taking an exhaustion {Ω k } of Σ \ W 0 , we obtain a Jacobi field u on Σ \ W 0 . Note that a priori, u may be zero. In the following, we will show that u is non-trivial and can be extended to a global Jacobi field on Σ.
Without loss of generality, we can simply assume that Σ k is a normal graph of u k over Ω k , and that W 0 = {p} consists of only one point p. We first prove that u extends smoothly across p, and it suffices to show that u is bounded near p (cf. [10, Theorem 1.1]). Since u k converges to u locally uniformly, we only need to show that u k is uniformly bounded in Ω k . In particular, fix a small radius ǫ > 0, we know that u k will converge smoothly and uniformly to u near ∂B Claim A: for some universal constant C > 0 and k sufficiently large,
To show that u is non-trivial, we claim that u L 2 (Σ) > 0. In fact, by the uniform boundedness of u k near p, we know that u k L 2 (B Σ ǫ (p)∩Ω k ) is uniformly small when ǫ is small. Then the locally uniform convergence of u k to u away from p and the fact u k L 2 (Ω) = 1 imply that u L 2 (Σ\B Σ ǫ (p)) is very close to 1.
Now we prove Claim A.
Proof of Claim A. We need two preliminary results. In the first result, we claim that the maximal height
up to a uniform constant multiple. Here and in the following, we abuse the notation to denote u k : Σ k → R as the height function in the geodesic normal coordinates of Σ. Therefore, by the Hausdorff convergence of Σ k to Σ (see (4.1)), as the height function, u k is well-defined, and u k is consistent with the previous definition on Σ k ∩ Ω δ .
Claim B: for some universal constant C > 0 and k sufficiently large,
Proof of Claim B. We want to remark that since ∂ p Σ k ⊂ ∂M lies underneath Σ (under the assumption that n points upward), u k | ∂pΣ k ≤ 0. Concerning the signs of u k , Claim B is equivalent to:
We can take the leaf Σ η , which is disjoint with Σ k for k sufficiently large by the Hausdorff convergence, and decrease the subindex from η to 0. Since the only boundary component ∂ p Σ k lies below all Σ t for t > 0, by the classical maximum principle for minimal hypersurfaces, Σ t cannot touch Σ k before ∂Σ t touches Σ k ∩ (∂B
In fact, let t 1 = max ∂B Σ ǫ (p) u k > 0 be the first time ∂Σ t touches Σ k from above (see Figure 2) . We then have
and max
where we used the Harnark estimates for the minimal foliations.
Next, we consider the case max ∂B Σ ǫ (p) u k ≤ 0. By similar argument as above, we can easily
To prove the inequality (5.3), take the leaf Σ −η , which is disjoint with Σ k for k sufficiently large by the Hausdorff convergence, and increase the subindex from −η to 0. Again by the maximum principle,
We need to discuss the two possibilities separately.
(
and min
where we used the Harnark estimates again for the minimal foliations.
, we denote t 3 to be the first time Σ t touches Σ k from below ( see Figure 3) 
lies above Σ t 3 , and
Using the Harnack estimates for v t 3 (i.e., Ct 3 ≤ v t 3 ≤ t 3 /C) again (note that t 3 < 0),
Combining the two possibilities, we finish this part. Combining all above, we complete the proof of Claim B.
In the next result, we claim that the maximal height of |u k | along ∂ p Σ k is a higher order term compared with that of |u k | over ∂B Σ ǫ (p) when k → ∞. This essentially uses the assumption that Σ k has uniform Morse index upper bound.
Claim C:
Proof of Claim C. Note that since u k | ∂pΣ k ≤ 0 (see the proof of Claim B), max
A key observation is that since Σ touches ∂M at p, it must touch up to the second order: that is to say, if we write ∂M as a normal graph
for some universal constant
. Based on the above observation, to prove Claim C, we only need to prove:
For simplicity, we may omit the subindex k in the following. Suppose by contradiction that √ h r = radius(∂ p Σ k ) ≪ ǫ. Here, we use the notation to mean that if A B, then there is a universal constant C > 0 such that A ≤ CB.
To proceed the argument, we consider disjoint collections of geodesic balls (of M) with centers on ∂ p Σ k and of radius r 3/2 (see the left figure of Figure 4 ). In particular, we can find a disjoint collection of at least N ≃ r r 3/2 = r −1/2 many such balls.
Since the Morse index of Σ k is bounded by I, for r small enough (so that N > I), Lemma 2.10 implies that Σ k is stable away from the touching set in at lease one such ball, denoted as B r 3/2 (q), where q ∈ ∂ p Σ k . Using our curvature estimates Theorem 3.2, we have
for some uniform constant C 2 > 0. Denote η as the unit inward-pointing normal of ∂M; then η(p) = n(p) since Σ touches with ∂M at p. When r is small enough, the geometry in the geodesic normal neighborhood B Σ r (p) × [−r, r] is almost flat (after a rescaling), so we can use the Euclidean metric on B Σ r (p) × [−r, r] in the following estimates. Moreover, when r is small enough, the angle between η(q) and η(p) is as small as we want. Furthermore, the free boundary condition Σ k ⊥ ∂M along ∂ p Σ k implies that η(x) ∈ T x Σ k for x ∈ ∂ p Σ k . Now consider the parallel extension of η| ∂pΣ k inside Σ k . Consider an integral curve γ(t) of η(q) (which is a geodesic of Σ k ) inside Σ k ∩ B r 7/4 (q) starting from q, the curvature estimates (5.5) implies that the tilting of η(γ(t)) from η(q) can be estimated as:
∠(η(γ(t)), η(q)) Therefore, η(γ(t)) is almost perpendicular to Σ inside Σ k ∩ B r 7/4 (q) (since ∠(η(q), n(p)) ≪ 1), and the above estimates implies that, γ(r 7/4 ) − q, n(p) = On the other hand, the height of γ(r 7/4 ) in the normal coordinates of Σ satisfies (see Figure  4) : u k (γ(r 7/4 )) ≃ γ(r 7/4 ) − q, n(p) + u k (q) r 7/4 − r 2 r 7/4 . Now we achieve a contradiction to the first two items in (5.2), since
So we finish the proof of Claim C.
The multiplicity m ≥ 2. Denote W ′ = W \W 0 . Without loss of generality, we may assume that W 0 = {p} and W ′ = {p ′ } (W ′ may be empty, and the proof is similar and easier). Fix any domain Ω ⊂⊂ Σ \ W. Again by Section 2.3, for k sufficiently large, Σ k ∩ Ω δ can be decomposed as m graphs over Ω which can be ordered by height
We also use n as the positive direction in the coordinates Ω δ .
We consider two sequences of functions. Let w k = u m k − u 1 k be the difference between the top sheet and the bottom sheet, then w k > 0. Fix a point p 0 ∈ Ω \ ∂Σ. The first sequence of functions is w k = w k /w k (p 0 ). Similarly as the case when m = 1, we also consider the normalization of the bottom sheet:
. Again, a subsequence of w k , u k will converge to a function w and u which satisfy the Jacobi field equation (see (2.3)) over Ω.
The maximum principle implies that w > 0 on Ω. By choosing domains {Ω k } exhausting Σ \ W, we will get Jacobi fields w and u on Σ \ W where w > 0. As before, we can assume that u i k and hence w k , w k , u k are defined over Ω k . We consider the following two cases (up to subsequences of {Σ k }):
Case A: lim k→∞
Case B: lim k→∞ 
Then max
By assumption the normalization factors satisfy u
w k (p 0 ); together with the smooth convergence of w k , u k then imply that max B Σ ǫ (p)∩Ω k w k are uniformly bounded. Hence, w extends smoothly across p, and we finish the proof.
Case B. In this situation, we will show that u extends smoothly across p and p ′ , and it suffices to show that u k and hence u are uniformly bounded near p and p ′ . Arguing as in the case m = 1, we conclude that u is non-trivial.
To see the uniform boundedness of u k near p, by (5.6)
By assumption w k (p 0 ) ≪ u 1 k L 2 (Ω k ) ; together with the smooth convergence of w k , u k imply that max B Σ ǫ (p)∩Ω k | u k | are uniformly bounded. The uniform boundedness of u k near p ′ follows exactly in the same manner once we establish the following: by similar arguments as Claim B in the m = 1 case (using minimal foliations when p ′ ∈ Σ\∂Σ or the free boundary minimal foliations when p ′ ∈ ∂Σ; see Section 2.2), we have max
So we finish the proof.
